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T h e n o n l o c a l in tegra l e q u a t i o n o b t a i n e d prev ious ly a l l ows the d e t e r m i n a t i o n of the a m p l i t u d e 
of G e o m e t r i c a l R e s o n a n c e s in the M c M i l l a n - A n d e r s o n m o d e l . S u r f a c e c o n d i t i o n s are de f ined b y an 
a d j u s t a b l e p a r a m e t e r p w h i c h is fixed to fit the cr i t i ca l th ickness m e a s u r e m e n t s o f the P r o x i m i t y 
E f f e c t . 

A) Geometrical Resonance 

In the tunneling characteristic dV/dJ of film 
diodes being composed of a thin and a relative thick 
superconducting film separated by an oxide layer 
(e. g. 300 A and 3 jii thick, respectively, for an 
Al — Pb diode), as shown in Fig. 1, a periodic mo-
dulation of the usual tunneling characteristic can be 
observed the frequency of which depends strongly 
on the thickness d of the thick film 1. The size of the 
thin film has no influence. The frequency is in the 
range 

d (.. h vy \ 

where the parameters refer to quantities of the thick 
film. The amplitude of the oscillations is very small, 
so that the effect is detected more easily in the deri-
vative d2V/dJ2 which exceeds dV/dJ by a factor d/^0 

( ÄS40 in the example mentioned above). 
The effect is considerably enhanced by a normal-

conducting metallic overlay covering the outer sur-
face of the thick film 2. 

The structure disappears, if the sample is warmed 
beyond the critical temperature of the thin film, 
even if the thick film remains superconducting. 

For the theory of the effect it is supposed that the 
order parameter A ( r ) of the thick film is not con-
stant and £0 in space. 

A perturbation (3zJ(r) of the order parameter at 
V alters the local density of states at any other point 
r in an isotropic homogeneous superconductor. 

| Zl(r) 2 stands roughly speaking for the density 
of the consended Cooper pairs. A change in j d ( r ) 1 

means that single-particle excitations are scattered 
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Fig . 1. zJ j — £q and z l 2 , e n e r g y g a p of the thick a n d thin film, 
respect ive ly . A m p l i t u d e o f the os c i l l a t i ons is e x a g g e r a t e d . 

into and excited out of the Cooper sea by that per-
turbation. The original and the scattered states can 
combine to a new stationary state, if its energies 
are degenerate. Degeneration exists between the two 
states 

| k+ I = V(2m/h2) (C+O) + Qj (h VF), (!) 

| k- I = V(2 m/h2) C - Q) «kF-Q/(h Vy) (2) 
where 

Q = VE2-e02, (3) 

E=Ek^Ek; (4) 
vy , ky are the absolute values of velocity and mo-
mentum at the Fermi level. Superposition of the two 
plane waves associated with k+ and k~ results in a 
local probability density at a distance d from the 
perturbation which is a periodic function of the ar-
gument i (| k+ | - | k~ j) d = Ü d/(h vF). The oscilla-
tions in the tunneling density of states are a con-
sequence of that periodicity. The period does not 
depend on the strength of the perturbation, contrary 
to phase and amplitude which should show a depen-
dence. 
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A theoretical formulation of this phenomenon has 
been achieved by the McMillan-Anderson model3 , 
where the perturbation is assumed to be localized 
on the plane x = d. The ansatz is made 

ÖA{r) =dAd(x-d). (5) 

It results in a perturbation of the tunneling density 
of states which has been calculated at x = 0 to lowest 
order in SA. That result has been generalized by in-
cluding all terms of higher order, i. e. the multiple 
scattering at the perturbation 4. 

A model where the perturbation is spread over a 
certain range of the a>axis could be calculated exact-
ly by solving Gorkov's equations for a superconduc-
ting system which is composed of two layers of dif-
ferent but constant order parameter 5 . 

B) Problem 

The aim of this paper is to find out the depen-
dence of the oscillations in the tunneling density 
of states on the surface condition of superconduc-
tors. The comparison with experiment cannot be 
complete, because the experimental data carry only 
few information concerning amplitude and phase 
of the oscillations. Boundary conditions have been 
obtained through a set of integral equations in a 
previous paper6 . The solution of those equations 
gives the spatial variation of the order parameter 
and the value of the critical temperature. There ap-
pears a pair-breaking parameter p which stands for 
the probability that the incident Cooper pairs are 
broken by the surface. A normalconducting, metallic 
cover for instance shows strong pair-breaking. It 
can be used to determine the value of p by measur-
ing the critical temperature of such a system. 

If the deviation ( A ( r ) — c0) is put into the equa-
tion of the McMillan-Anderson model and it is in-
tegrated over space, the influence of the surface 
conditions on the Geometrical Resonances are ob-
tained and the enhancement of the structure can be 
calculated. 

For our purpose the McMillan-Anderson model is 
satisfactory, because the order parameter is evaluat-
ed from equations which are valid only under the 
assumption of \A(r) —f A ( r ) d 3 r j being small. 
Regarding that condition the theory thus will re-
main selfconsistent. 

In the next section we shall determine the p-de-
pendence of the order parameter. That is followed 
by the application to the McMillan-Anderson model 
in section D. 

C) Order Parameter 

The superconducting volume is assumed to be 
bounded by the planes 

x=±dj 2, y=±L/2 and z=±L/2. 

Periodic boundary conditions with period L are cho-
sen in the y- and z-direction. The surface x = + d/2 
is pair-breaking, determined by the parameter p. 
On the opposite surface we have only diffuse scat-
tering of the Cooper pairs. The free energy differ-
ence per unit area of the bulk material, i. e. with 
periodic boundary conditions in all directions, is 
given in I. It differs from the Ginzburg-Landau free 
energy in the nonlocal term on the right hand side 
of Eq. (6 ) , which reduces in the local limit to the 
usual Ginzburg-Landau term. 

N 2 
"0 

4 Jl E, 

+L/2 
dx (A(x))2 

u 
A(x) 

-LI 2 

+LJ2 

+ j | d x dx' K(\ x — x |) 
-1/2 

dzl ( x ) d A ( x ) 
dx d x ' (6) 

Now we have to restrict the range of integration to the true superconducting volume —d/2 ^ x + d/2. 
The integrand in the first term on the right hand side of Eq. (6) represents the free energy per unit volume 
which consequently has to be integrated only over the interval [ — d/2, +d/2]. 
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In order to introduce boundary conditions into 
the second term in Eq. ( 6 ) , we shall briefly discuss 
the results for the two essentially different mecha-
nisms of surface scattering, as obtained in I. 

1) A surface which is not pair-breaking can be 
characterized by the assumption, that the order para-
meter remains constant on the outside. This means, 
that in the part of the volume of periodicity which 
is outside the superconducting region, the derivative 
dA (x) /dx vanishes. In the present case this means, 
that the lower limit of integration can be shifted 
from — Lj2 to — dj2, since the lower surface is as-
sumed to be non-pairbreaking. If we would make 
the same assumption for the other surface, we would 
obtain 

+ d/2 

J J d , d , ' * ( i , - » ' i ) d f > " d J f . (7) 
-d/2 

2) A pair-breaking surface is supposed to break 
up the Cooper pairs ariving at the surface and to 
scatter them back as free particles. This is equivalent 
with the assumption, that A (:r) = 0 outside the sur-
face, i. e. in the part of the volume of periodicity 
which is not inside the superconductor. Since this 
implies, that dzl(:r)/d:r is zero in the same region, 
the integration can be again restricted to the super-
conductor. However, the discontinuity of dA(x)ldx 
introduces some additional surface terms, so that 
the final result would be 

+d/2 +d/2 

-dj 2 
d * d * ' J C ( | , - » ' | ) - 2 ^ ( + f ) J d x J c ( j » - f j ) " l W - + * ( 0 ) ( 4 ( + £ ) ) 2 . (8) 

If the outer surface is not completely pair-breaking, but breaks only a fraction p of the arriving pairs, we 
have to combine Eqs. (7) and (8) with weights 1 — p and p, respectively. 
+d/2 +d/2 

-d/2 -d/2 

A (x) is determined by the minimum of m. We shall find the minimum through its variational equations. 
The boundary values of A (x) will not be varied, because we are only interested in a continuous solution 
for A (a;). Therefore we drop the third term in Eq. (9) and get for the free energy difference m, Eq. (6) 

+d/2 +<7/2 
JJ 2 ' . . . -

m 4 rr £ 
'-d/2 ' ' - d / 2 

- { j ( ^ ) H J T " I f (10, 
+ dj2 

-2pA(+ d
z ) \ dxK 

+ dl 2 
d \ d A ( x ) 

x — 

The kernel K(\x — x \) is defined by the kernels Kt (| x — x |) and K3(\x — x'\) given in I according to 

l~K{\x-x'\) = ^n^Kx{\x-x'\) -2A*Ks(\x-x\) (11) 

and the condition, that K(\x — x'\) must vanish for large distances. The coefficient K(q) in the Fourier 
representation 

-TOO 

K(\x-x'\) = 2\ j'dqK(q) e~iq(x~x') (12) 
— oc 

can be expanded in the neighbourhood of | q | = 0 and | q j = oo 

K(q) = ^ { « « ( R ) + ! T A ' " M + A ( / S ^ V o ) V ' M + f r a ' V ( T ) ] } , | q) f , < 1 , (13) 

^ ^ « t f K ^ T r ' - » ' « - 2 ' « " « } ' l ? l f o > l (14) 



here 

/= 1 
a ( r ) = 2 2 ( ( + 2 / — 2 ] / /2 + T j ? ( 1 5 ) 

/ = 1, 3, 5 , . . . , ( s . 7 ) , 
+d/2 

zf = - M d x J ( x ) . (16) 
- r f / 2 

n is the electron density, t = T/Tc the reduced tem-
perature 

'ßAf) 
T f ' T = V * ) 

For the sake of simplicity we shall interpolate 
between both expressions, Eqs. (13) and ( 1 4 ) , to 
get for the kernel a rational fraction. From an exact 
representation which may be derived by contour in-
tegration from the corresponding formula in I, we 
find some properties which the approximate kernel 
Ka(\x — x |) must display. 

rr I / | \ 3 N S 0 F 0 | 5 ^ / - „ / 2 X — X 

K ( Z - X ) = - 8 — 2 * E * H W ß C' 
/ = 1 , 3 , 5 , . . . , (17) 

ci = Vi2 + t , E3 (z) Exponential integral 8. 
As a consequence we have to approximate K(q) in 
such a way that Kn (2) is a positive, bounded, mono-
tonic decreasing function of 2 which vanishes for 
large 2 at least like an exponential function. 

An approximation which satisfies Eqs. (13) and 
(14) is 

1 
Ka(q)=* ill 

a2 q-
i+ß*\q\) 

,vhere 
n h2 ß2 

1 4/71 TT 
[ a n ( r ) + |r a i n ( r ) ] 

n h2 

2 4 M A 2 

2 m 7i2 s02 £(12 
a.> = „ , « 71 ?o so 

6 A 3 n h2 

5 [ a " ( r ) + S raiH(T)]2 25 
5 4 ' l o g / ^ 1 - 3 flIII(T) + JTaIV(T) 

l o g Ä k h l o g - qe( - a l ( r ) - 2 r « ' ' ( r ) 

M " e M 

(18) 

( 1 9 a ) 

( 1 9 b ) 

( 1 9 c ) 

(19 d) 

The limiting values in the expressions above re-
fer to T = 0 UK. At the critical temperature of the 
film Eq. (18) must coincide with a formula men-
tioned earlier, Eq. (49) in I. Accordingly q in 

log (ßi+ ß* 9 ) h a s to be replaced by e/ (y d). Thus 
the kernel may be written 

1 
Ka( x — x\) = a exp (20) 

CL — 9 CLa jC.i — * / « log (ßt+ßo ---

2 a 

( 2 1 a ) 

( 2 1 b ) 

where the given approximations are valid for 
d > 3 0 , which covers the thickness range of the 
measured samples. 

Since the deviation of the order parameter from 
its average is small, the variational equation of Eq. 
(10) may be linearized retaining terms in Eq. (10) 
only up to second order in ip(x). 

A(x) =A(l+y>(x)), (22) 

+d/2 
I dx if'(x) = 0 . 

-dj 2 
(23) 

The condition in Eq. (23) is satisfied by a Lagran-
gian parameter r]. We get the variational equation 

0 = A0 + exp 
1 Id 
£ I 2 p-(l-p)tf 

- y ) e x p { - J ( 2 + x ) } +Aly(x) (24) 

^ j dx' exp j— y j x — x j j y(x') , 

+dl 2 

-d/2 

A - 2 Aa 

Ax = 2 

Ht?J A2 

4 71 f 0 2 a \ s02 

U 2 £ j A 2 Ho * / ! _ 3 J 

The solution to Eq. (24) is easily obtained 
An /, An \ l — O^ 

(25) 

(26) 

xp{x) 2-Al " P i 2 - j J l - ( l - p ) ( l - o I) 

•exp j o f x - y j j , I 27 

1 
1 

Al — 2 

A, 
(28) 

Thus the order parameter may be regarded as con-
stant in space up to a small distance I / o from the 
pair-breaking surface (Fig. 2 ) . Terms of order e~°d 

have been dropped, i], Eq. ( 2 5 ) , is determined by 
Eq. ( 23 ) . That variational condition meant that the 
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mean value A should be held constant. After solving 
Eq. (24) for yi(x) and putting this in Eq. (10) we 
now can determine A from the minimum of Eq. (10). 
We omit some simple but tedious calculations. A is 
given by 

P- So a, 0 < a 
1 

To (29) 
s0 J d 

if d > 3 0 
. The result is not surprising and we 

may set as a consequence in all formulas A = £0 . 
Aj(2 — A1) in Eq. (27) is small to unity and can 
be neglected. Eq. (27) is put into Eq. (22) and 
we get 

A (rr) = e0 (1 — c exp j o — — 

p ( i - e f ) 

(30) 

(31) 
l - ( l - p ) d - o f ) ' 

and from Eqs. ( 1 9 a , b ) , (21 a, b ) , (26) and (28) 
the numerical quantities 

0 1 = 1 / 3 , Q* o = | - V 6 . ( 3 2 a , b ) 

0.49 05 

Fig . 2. Spat ia l d e p e n d e n c e of the order parameter A (x) 
(rf = 30 f o , x = d/2 pa i r -breaking s u r f a c e ) . 

The only unknown quantity in Eq. (30) is the para-
meter p which we shall relate to the critical thick-
ness Ds0 of the Proximity effect9 . A thin film does 
not exhibit superconductivity as a consequence of 
its surface properties, if d becomes smaller than a 
thereby defined critical thickness Z)s0 . 

By Eqs. (54) and (55) of I a function Tc'(d/£0)/Tc 

is defined the first derivative of which becomes posi-
tive infinite at a certain point dj£0 . Tc and Tc are 
the critical temperatures of the film and the bulk, 
respectively. Above the function Tc (d) is mono-
tonic increasing with the asymptotic value 

7 V ( ~ ) = T c • 
As a function of p we can approximate d0/^0 by 

t 
1.76 (1 + 1.7 p) exp (33) 

for 0 p 0.5 (Fig. 3 ) . The curves in Fig. 1 of I 
are not extended up to that point, because it does 
not belong to the second order phase transition pre-
sumed in the derivation. Nevertheless we shall iden-
tify both quantities 

d0 = Ds0 (34) 

because that is one possibility to fit the measure-
ments of Proximity effect satisfactorily with the 
theoretical curves of I. Aside from that practical 
use d0 has no real meaning. 

Dso/fo 

Fig . 3. Normal i zed cr i t i ca l thickness Dso/£o v s < sur face para-
meter p. 

D) Tunneling Density of States 

The main idea of the McMillan-Anderson model 
consists in the assumption of a local perturbation 
of the order parameter, Eq. ( 5 ) , in a homogeneous, 
isotropic superconductor. The periodic modulation 
of the tunneling density of states is then already 
established by first order perturbation calculation. 
On account of that linearity we can calculate the 
effect of the perturbation given in Eq. (30) by 
simple integration of the result of McMillan and An-
derson. For clarity we cite their formulas. 

G(i\r, r') is the resulting perturbation of the 
Fourier transformed Green's function G 1 ^! V — V ), 
if the constant order parameter £0 is perturbed by 
an amount dA(r), Eq. ( 3 0 ) . From Gorkov's equa-
tions we get 

GiV (r, r') = 

i J d ^ l G ^ d 

(35) 

ÖAirJ F + < ° > ( | r 1 - r r |) 
SL 

9 P . HILSCH and R . HILSCH, Z . P h y s . 180 , 10 [ 1 9 6 4 ] . + f+<°) (Ir-rJ) dA(rt) GL0)(| rt -r'\)} 



where the unperturbed Green's functions are 

Cl0) (Ä) 

1 — ~/=r j exp | — i 
m 

TTCHR Ü 

+ ( l + ^ ) e x p { + iR 2h™(!u + O y ) 

(36) 

h2 

2 m 
h2 

FZW (R) = exp 

2 m 
h2 

\TIKRQ 

— exp | + i R 

for 0 < Q < / u . 

Q = \(hcoy-e0* 

2m 
h2 

^ I'/tV 
(ju + Q)> } 

iu-Q) 
Vi 

(37) 

(38) 

The integration in Eq. (35) runs over the super-
conducting volume. The local density of states 
Nw{r) of one spin at r is 

1 
NM = 7i h Im Gw{r, r), OJ ^ 0 (39) 

and 
GJr, r ) = G(°> (| r - r' |) + G<J> ( r , r ' ) (40) 

where the energy h co has been taken relative to the 
Fermi energy We combine Eqs. ( 3 0 ) , ( 3 1 ) , (36) 
and (37) with Eq. (35) and perform two integra-
tions of the threedimensional integral. 

We get for Na(r) at the plane x = - d/2, Eq. (39), 
d\ 

(41) / V J * = -
hco R CE0 

" / V ° Q t 1 - TtQ^Q 

_ %r ^ f i 0 . 0 4 p gp . 
- Y Y 0 ß ^ 1 + 0 . 2 P Q ' 

2 ] / 3 d 2dQ 
71 £o £o' £o 

(42) 

where we used Eqs. (32 a) and (32 b ) . The func-
tion / is defined by 

l 
f(x,y) = s i ( z ) - j ^ V e - D sin(x t) (43) 

o 

si (x) = Sine integral 8. 
N0 is the density of states of the free electron gas 
at the Fermi level. To get Eq. (41) we neglected 
quantities of order 0 ( \ / k y £o) relative to unity. As 
a consequence the rapidly oscillating terms could 
be dropped. Only the term which represents the in-
terference of two waves of comparable wavelength 

survived. The function defined in Eq. (43) can be 
approximated for y > 30 ; 

i, \ •/ \ x cos x — y sin x ,, .. /(rr,*,) « s i ( x ) + . (44) 

The shape of j{x,y) is shown in Fig. 4 exhibiting 
the oscillations of the density of states. 

Ux.y) 

Fig . 4. F o r definition of f(x, y) s. text (y = 3 0 ) . 

The discussion of the result is limited because 
there are only few experimental data available. We 
shall investigate two cases, p being small and of or-
der unity, respectively. 

First we consider the case of superconducting 
films prepared without a metallic overlay, i. e. small p. 
Along the results of S T R O N G I N et al .1 0 and O P I T Z 1 1 

we find D s 0 « 3 0 Ä, D,0/f0 = 0.04 for Pb and Ds0 

« 4 5 Ä, Dso/£o~0.01 for In, respectively *. The ap-
propriate value of p is p « 0 . 1 5 for Pb and « 0 . 1 3 
for In, Fig. 3. Thus the numerical factor on the 
right hand side of Eq. (42) which determines the 
strength of the oscillations is « 0 . 0 0 6 and « 0 . 0 0 5 , 
respectively. 

On the other hand for p = 1 we find that factor 
to be « 0 . 0 3 3 , about six times the value for small p. 
That agrees to some extent with the experimental 
data of T O M A S C H 2. The comparison can only give 
a rough approximation of the true facts, because 
the samples are prepared by the different authors 
most likely in a different wTay. The greatest value 
p = 1 should be approximately realized in the used 
films covered with an Ag-overlay of 2000 Ä. 

To relate the absolute value of the oscillations in 
the density of states with the first derivative of the 
tunneling characteristic we have to calculate 

eV-Jt ) 
jöN^E) N,(eY-E) d £ (45) d/osc 

dV 
d 

d V 
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where N2{E) is the tunneling density of states of 
the thin film, i. e. that part of the diode which is 
not responsible for the Geometrical Resonance. If 
the thin film consists of a normalconducting metal, 
i. e. A2 = 0, we can just set 

d W d r - A ^ A ^ e V ) (46) 

where N0 is the density of states of the normal me-
tal. If the thin film is a superconductor we have to 
evaluate the integral in Eq. (45) . There seems to be 
an enhancement in the periodic structure when the 
thin film becomes superconducting because of the 
energy gap singularity in the density of states. In 
this case many electrons are available in a relative 
small energy interval to tunnel from the thin film 
into the thick film, into states of rapidly varying 
density. The right hand side of Eq. (45) can be 
estimated. As a result the ratio of the oscillation 
amplitude in Eq. (45) to the amplitude in Eq. (46) 
varies for 1 like (d A2/£0 e0). A numerical 

calculation leads to « 5 for that ratio at the special 
values d/£0 = 30, AJ£0 = 1/3, eV/£0 £ 2, i. e. the 
phase change to the normal state in the thin film 
would reduce the structure in that case by a factor 
1/5. Thus a thick film without overlay connected 
with a superconducting thin film should have an 
oscillating part of « 1 % at the first maximum in the 
first derivative of the tunneling characteristic. 

It should be emphasized, that the results of this 
section are no longer valid, if the tunneling energy 
h co is near the energy gap £0 . That is a consequence 
of the perturbation calculation used in the McMillan-
Anderson model. It follows that a quantitative com-
parison has to be restricted to values of eV beyond 
the range of the strong increase in dV/dJ near £0 . 
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